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Abstract – Soft Glassy Materials (SGM) consist in dense amorphous assemblies of colloidal par-
ticles of multiple shapes, elasticity, and interactions, which confer upon them solid-like properties
at rest. They are ubiquitously encountered in modern engineering, including additive manufactur-
ing, semi-solid flow cells, dip coating, adhesive locomotion, where they are subjected to complex
mechanical histories. Such processes often include a solid-to-liquid transition induced by large
enough shear, which results in complex transient phenomena such as non-monotonic stress re-
sponses, i.e., stress overshoot, and spatially heterogeneous flows, e.g., shear banding or brittle
failure. In the present article, we propose a pedagogical introduction to a continuum model based
on a spatially resolved fluidity approach that we recently introduced to rationalize shear-induced
yielding in SGMs. Our model, which relies upon non-local effects, quantitatively captures salient
features associated with such complex flows, including the rate dependence of the stress overshoot,
as well as transient shear-banded flows together with non-trivial scaling laws for fluidization times.
This approach offers a versatile framework to account for subtle effects, such as avalanche-like phe-
nomena, or the impact of boundary conditions, which we illustrate by including in our model the
elasto-hydrodynamic slippage of soft particles compressed against solid surfaces.
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Introduction. – Soft Glassy Materials (SGMs) encom-
pass a broad variety of colloidal particles densely packed
into an amorphous microstructure showing solid-like prop-
erties at rest [1,2]. These particles, which can be either
soft and deformable or hard, form a jammed assembly
with glassy-like mechanical properties characterized by
i) a linear viscoelastic response where the elastic contri-
bution is dominant [3], and ii) time-dependent properties
referred to as “aging” in the literature [4,5]. Moreover,
under a sufficiently large external stress or strain, par-
ticles can rearrange. For vanishingly low shear rates,

(a)E-mail: roberto.benzi@gmail.com (corresponding author)

such rearrangements take the form of local plastic events
such as T1 events in foams and emulsions [6], or shear-
transformation zones in colloids [7]. Eventually, for suf-
ficiently large deformation, the spatial accumulation and
propagation of plastic events, which act as a mechanical
noise, lead to the fluidization of the sample. Remark-
ably, such a shear-induced solid-to-liquid transition dis-
plays generic features that are quite insensitive to the
sample microstructure [8–11]. For instance, under a con-
stant applied shear rate γ̇, the stress σ builds up and
reaches a maximum before relaxing towards a steady-state
value. Such a non-monotonic response, known as a stress
overshoot [12], coincides with the yielding of the sample,
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Fig. 1: Phenomenology of shear start-up experiments in Carbopol microgels. (a) Stress σ as a function of strain γ = γ̇t recorded
after a shear rate γ̇ = 5, 1, 0.2, and 0.03 s−1 from top (darker color) to bottom (lighter color) is applied at time t = 0. The red
dashed line highlights the linear response at short time σ = G0γ with G0 = 300 Pa. Inset: same data plotted as a function of
time t using semilogarithmic scales. (b), (c): velocity profiles v normalized by the velocity of the moving plate v0 as a function
of the distance y to the moving wall normalized by the gap size L and recorded (b) at short times around the stress overshoot
under γ̇ = 0.1 s−1, and (c) at long times during the transient shear-banding regime under γ̇ = 0.7 s−1. In both cases, the inset
shows the corresponding stress response σ(t) and the colored symbols show the times at which the velocity profiles in the main
graph are recorded. The colored lines are guides to the eye in (b) and fits to the velocity profile in the shear band in (c). The
gray dashed line in (c) shows the velocity profile expected for a Newtonian fluid in the absence of wall slip.

which may either flow homogeneously, or rather display a
spatially heterogeneous yielding process [13]. In the latter
case, flow heterogeneity occurs due to localized, brittle-
like failure [14], or results from a more ductile process in
which an arrested region coexists with a fluidized one, re-
ferred to as a “shear band”, whose lifespan depends on the
volume fraction and on the particle interactions [15–17].

Various modelling efforts have been undertaken over a
broad range of spatial scales, from that of the building
block, thanks to, e.g., molecular dynamic simulations
[18–20], to mesoscale or macroscopic continuum ap-
proaches in which the SGM microstructure is accounted
for only by a few parameters [12,21], up to typically
10, in order to capture more subtle effects such as non-
isotropic resistance of the sample inherited from shear
history [22,23]. Here, we shall focus on a continuum ap-
proach traditionally referred to as “fluidity models” [24,25]
in which the microscopic properties of the sample are ex-
pressed by the fluidity f , a local quantity, which stands
for a rate of plastic events.

Recently, fluidity models were derived theoretically by
Bocquet et al. [26] as the continuum limit of a micro-
scopic equation for the probability distribution originally
proposed by Hébraud and Lequeux [27]. Such an ap-
proach showed that fluidity models naturally encompass
non-local effects in steady state via a so-called “cooper-
ativity” length scale that quantifies the extension of the
region that is impacted by a neighboring plastic rearrange-
ment [28–31]. The approach of ref. [26] was extended to
transient flows by some of us in ref. [32]. This extended
non-local version of the fluidity model has been used to
quantitatively capture the key features of the yielding
transition of a soft glass [33–35].

In the present perspective, we first summarize these
findings to illustrate the power of the non-local fluidity

model. Second, we extend our approach and include the
elasto-hydrodynamic slippage of soft particles compressed
against a solid surface in order to describe recent results
from the literature [36].

Phenomenology of shear start-up experiments.
– In a shear start-up experiment, one imposes a constant
shear rate γ̇ at time t = 0 upon an SGM initially at rest.
Figure 1 illustrates the general phenomenology of shear
start-up through a selection of experimental results on
Carbopol microgels [37–39]. As recalled in the introduc-
tion, a stress overshoot is classically observed: at short
times t, the shear stress σ grows linearly with the strain
γ = γ̇t (see red dashed line in fig. 1(a)), which is typical
of an elastic response. At longer times, the stress progres-
sively deviates from a linear response and reaches a max-
imum σM at time tM. As the stress maximum is reached,
the material has become strongly anisotropic, and subse-
quent stress relaxation processes lead the material to flow
on even longer time scales. This global behaviour is typical
of ductile-like yielding.

To get more insight into the local structure of the
flow during the solid-to-liquid transition, velocity profiles
measured using ultrasonic velocimetry are displayed in
fig. 1(b) and 1(c). In the case of the present microgels,
the material is homogeneously strained prior to the stress
overshoot, and the stress maximum corresponds to the
point when the microgel fails at the shearing surface (see
fig. 1(b)). Such failure is followed by an elastic recoil (see
the negative velocities for the velocity profile with ◦ sym-
bols in fig. 1(b)), then by a fully arrested regime with v = 0
across the whole sample except for a thin, unresolved lu-
brication layer at the moving wall. Yet, on time scales
much longer than the time tM of the stress maximum, a
fluidized region, i.e., a shear band, of width �b grows from

56001-p2



Continuum modeling of SGM under shear

the moving wall and coexists with the arrested, solid-like
material until a fully homogeneous flowing state is reached
at a well-defined fluidization time τf (see fig. 1(c)). Fi-
nally, whatever the complexity of the stress relaxation,
the stationary velocity profiles of the present microgels
are ultimately homogeneous with insignificant wall slip.
It is also essential to note that the fully flowing mate-
rial is well described by the widespread Herschel-Bulkley
(HB) constitutive law relating the stress σ and the shear
rate γ̇ in the system at steady state [17], σ = σy + A γ̇n,
where σy is the yield stress, A the consistency and n the
shear-thinning index.

From the experimental results displayed in fig. 1, one
may argue that the yielding transition can be considered as
a dynamical first-order phase transition, where one phase
(the fluid-like phase) nucleates into the other phase (the
solid-like phase). As we shall see, this idea underlies most
of the following discussion, which focuses on two relatively
simple yet fundamental questions: i) How does the stress
overshoot σM depend on the applied shear rate γ̇? ii) How
does the fluidization time τf depend on the applied shear
rate γ̇ or stress σ? Our ultimate goal is to obtain a gen-
eral framework that describes quantitatively the yielding
transition and its mesoscopic features.

Continuum modeling. – We start by considering a
two-dimensional shear geometry where the SGM is con-
fined between two infinite parallel plates separated by a
distance L. The flow is assumed to be one-dimensional
along the direction x, i.e., it is described by a velocity field
v = (vx, vy) with vx(x, y, t) = v(y, t) and vy(x, y, t) = 0,
where y denotes the velocity gradient direction and t the
time. The wall at y = 0 moves with a constant veloc-
ity v0 imposed at the initial time t = 0, while the wall
at y = L remains fixed with zero velocity. As in experi-
ments, the SGM is assumed to be initially at rest so that
v(y, 0) = 0 for y ∈ [0, L]. For the sake of simplicity, we in-
troduce the dimensionless stress and shear rate, Σ = σ/σy

and Γ̇ = γ̇/(σy/A)1/n, such that the SGM in steady state
follows the dimensionless HB law:

Σ(Γ̇) = 1 + Γ̇n. (1)

Following refs. [26,28], in order to describe the local be-
haviour of the SGM, we introduce the fluidity f(y, t) of
the SGM as the relevant order parameter in the system, as
well as a characteristic length scale, called the cooperativ-
ity scale ξ, which controls spatial dynamics of the fluidity.
Qualitatively, the fluidity corresponds to the rate of plastic
events at a given time and position in the system. When
the SGM flows in steady state under an applied stress Σ,
Bocquet et al. [26] linked the fluidity to elasto-plasticity
at mesoscale through the following equation:

ξ2Δf + mf − f3/2 = 0, (2)

where

m2 ≡ (Σ − 1)1/n

Σ
Θ(Σ − 1), (3)

and Θ is the Heaviside function. As noted in ref. [26],
eq. (2) can be associated to the functional derivative of

F [f ] =
∫ L

0

Φ[f ] dy ≡
∫ L

0

[
1
2
(∇f)2 − 1

2
mf2 +

2
5
f5/2

]
dy.

(4)
From the above equation, it is tempting to consider F [f ]

as a free energy functional for the fluidity f . Based on this
idea, we proposed in refs. [32,33] to extend the approach
and formulate the dynamics of the system using F [f ]. In
order to model shear start-up, i.e., a constant velocity v0

imposed at the moving wall at t = 0, we take the shear
rate Γ̇ as the imposed control parameter. In this case, the
quantity f̃ ≡ f/Γ̇ should be proportional to the number of
plastic events occurring at some position y over the time
scale Γ̇−1. Such a number may increase or decrease locally
depending on the dynamics of the system induced by the
external driving Γ̇. Since Γ̇ is constant, the temporal vari-
ation ∂f̃/∂t is nothing but the fluidity variation due to
t̃ ≡ Γ̇t, i.e., ∂f̃/∂t = ∂f/∂t̃. Our first modeling step is to
assume that the fluidity dynamics is given by:

∂f

∂t̃
= −κ[f ]

δF [f ]
δf

, (5)

where κ[f ] plays the role of a “mobility”. Suppose now
that the system can be decomposed into two different re-
gions: a fluidized region where f > 0 and a solid-like
region where f = 0. Our second important assumption is
to require that both regions correspond to stationary solu-
tions of eq. (5). Assuming κ[f ] to be an analytic function
of f , the simplest choice is κ[f ] ∼ f . This implies that the
formation of a shear band in the system coexisting with
a solid-like region with exactly f = 0 can be described
by the superposition of two stationary states of the dy-
namics: one corresponding to f > 0 (see eq. (2)) and the
other one to f = 0. Moreover, it can be easily under-
stood that, if the solid-like region is described by a small
yet non-vanishing fluidity f > 0, then it cannot remain
solid forever and it will eventually flow, i.e., it is unstable.
This situation, therefore, corresponds to transient shear
banding as we shall describe in the following.

The third and last modeling step is to couple eq. (5)
with an equation for the time evolution of the stress Σ(t),
which we suppose spatially homogeneous. This can be
done by decomposing the total strain Γ = Γel +Γpl into an
elastic contribution Γel = τΣ, where τ is a characteristic
time inversely proportional to the elastic modulus, and
a plastic contribution Γpl such that Γ̇pl = Σ〈f〉, where
〈. . . 〉 denotes spatial average, and by using the well-known
Maxwell model [40]. The evolution equation for the shear
stress then reads:

dΣ
dt

=
Γ̇el

τ
=

1
τ

[Γ̇ − 〈f〉Σ], (6)

with Γ̇ = Γ̇el +Γ̇pl. This last equation is coupled to eq. (5),
which can be rewritten as

∂f

∂t̃
= f

(
ξ2Δf + mf − f3/2

)
, (7)

56001-p3



Roberto Benzi et al.

Fig. 2: Phenomenology of shear start-up in the fluidity model. (a) Stress response Σ(t̃) computed for n = 1/2, L = 1, τ = 10,
ξ = 0.04, Γ̇ = 2, and f0 = 10−4. The colored symbols highlight the times at which the data in (b) are extracted. (b) Normalized
fluidity profiles f(y)/m2 as a function of the normalized spatial coordinate y/L. The dashed-dotted lines represent an analytical
estimate of the steepness of the interface between the fluidized and the solid-like regions. (c) Stress distance to the yield stress,
Σ − 1, as a function of the effective shear rate, Γ̇L/�b, developing in the shear band of width �b (see arrow in (b)), for various
global shear rates Γ̇ = 8 × 10−4 ( ), Γ̇ = 9 × 10−3 ( ) and Γ̇ = 10−2 ( ). The red solid line corresponds to the HB prediction,
Σ − 1 = (Γ̇L/�b)

1/2, relating the shear stress to the effective shear rate.

with m given by eq. (3).
Finally, we must specify boundary and initial condi-

tions. Assuming that the external driving is acting at
the boundary y = 0, we choose the following bound-
ary conditions. For m2 > 0, we impose a “wall flu-
idity” fw = f(0, t̃) = m2(Σ) at the moving wall, and
∂yf(L, t̃) = 0 at the fixed wall. When m = 0, we as-
sume ∂yf(0, t̃) = 0 = ∂yf(L, t̃) at both walls. Moreover,
we take the initial fluidity profile to be homogeneous and
very small, i.e., f(y, 0) = f0 with f0 	 1. As soon as
Σ > 1, we expect a shear band to develop from y = 0 with
a size �b(t) that increases with time and whose dynamics
is set by the spatio-temporal evolution of the fluidity.

Figure 2 provides examples of numerical resolutions
that illustrate the general phenomenology of shear start-
up in our fluidity model. In particular, the time evolu-
tion of Σ(t), obtained from the numerical integration of
eqs. (6) and (7) for ξ = 0.04, f0 = 10−4, and Γ̇ = 2,
shows a stress overshoot very similar to that observed
in experiments (fig. 2(a)). Moreover, the fluidity pro-
files f(y, t̃) displayed in fig. 2(b) for two specific times
t̃ present a sharp interface between a fluidized shear band
for y < �b, where f ∼ m2, and a solid-like region for
y > �b, where f(y, t̃) = f0. Note that the shear band
grows in size because of the instability of the solid-like re-
gion, while retaining a sharp interface at f 
 f0. This
results from our requirement that κ[f ] = f . More pre-
cisely, it is possible to estimate analytically the steep-
ness of the interface at f 
 f0, shown in dashed-dotted
lines in fig. 2(b), as ∂yf |y=�b

/m2 = (m/5ξ2)1/2. Deep
into the region f = f0 	 1, i.e., far enough from the
interface, the fluidity increases algebraically in time as
f(y, t̃) 
 f0(1 + f0

∫ t̃

0
m(s)ds). However, at the boundary

of the fluid-like region for y 
 �b(t), an instability occurs
with an exponential growth of the fluidity. Dimensional
considerations suggest that the instability extends over a

scale of order ξ/m1/2 and grows with a characteristic time
scale m−3. This implies that the size of the shear band
�b(t̃) satisfies the equation [35]:

d�b

dt̃
∼ ξm5/2. (8)

We will come back to the dynamics of the transient shear
band below when discussing the fluidization.

Stress overshoot. – We now investigate how the stress
maximum ΣM scales with Γ̇, which is an observable clas-
sically extracted from experiments [38,41,42]. Concomi-
tantly to the stress overshoot, the size �b of the shear
band increases with time. As detailed in ref. [35], at short
time t̃, the band dynamics is dominated by the diffusion
term fwξ2 ∼ m2ξ2 and �b grows as (m2ξ2t̃)1/2, while for
large enough �b, it follows eq. (8). The overall process
is illustrated in fig. 2(c) by plotting the distance to the
yield stress, Σ− 1, as a function of the effective shear rate
LΓ̇/�b, which corresponds to the average shear rate in the
fluidized band. Such a representation of the flow dynam-
ics clearly highlights the separation between two different
dynamical regimes: a short-time “unsteady” regime that
strongly depends on the applied shear rate Γ̇ and where
the data fall well below the equilibrium HB curve, and
another “quasi-steady” regime at longer times, where all
data nicely collapse on the HB curve, including during the
transient shear-banding regime.

Based on the previous observations, the scaling of ΣM

with Γ̇ can be computed using eqs. (6) and (7). In
a nutshell (see refs. [34,35] for full details), considering
that the stress grows linearly up to the stress maximum,
i.e., Σ(t̃) 
 t̃/τ , that the stress is large enough that
m = (Σ − 1)1/2n/Σ1/2 
 Σ1/2n−1/2, and that 〈f〉 ∼ �bm

2,
the condition dΣ/dt̃ = 0 at the stress maximum leads to

Γ̇ =
[
ΣM(t̃M) − 1

]2
�b(t̃M), (9)
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Fig. 3: Scaling of the stress overshoot. Predictions of the flu-
idity model for an HB exponent n = 1/2. Rescaled stress
maximum (ΣM − 1)τ 0.4 vs. normalized shear rate Γ̇τ 0.7. Col-
ored symbols refer to different values of τ from 0.1 to 100.
Inset: experimental results in Carbopol microgels. Rescaled
stress maximum (σM/σy−1)τμ vs. normalized shear rate γ̇/γ̇�,
where τ = σy/G0 with σy and G0 the yield stress and elastic
modulus of the microgel, respectively, μ = 2n/(3 − n), and γ̇�

a rescaling factor as defined in ref. [34]. Colored symbols refer
to different Carbopol concentrations from 0.1 to 3%wt. The
red solid lines (dotted lines, respectively) show the scaling law
inferred from the fluidity model with exponent α = 4n/(9−n)
in the asymptotic regime (β = 2n/3 in the diffusive regime,
respectively).

where t̃M is the strain at the stress maximum ΣM. Further
analysis of the two dynamical regimes then yields:

ΣM − 1 ∼ B

(
Γ̇

ξτ1/2

)β(n)

+ C

(
Γ̇
ξτ

)α(n)

, (10)

where B and C are two numerical prefactors, and

β(n) =
2n

3
and α(n) =

4n

9 − n
. (11)

The first term on the r.h.s. of eq. (10) dominates for small
Γ̇, when the shear band grows due to the diffusion term
fwξ2, while the second term dominates for large Γ̇, when
the shear band increases according to eq. (8). Note that
eqs. (10) and (11) hold both for transient and stable shear
bands. As shown in ref. [35], an extensive survey of the
existing numerical and experimental data shows excellent
agreement with eq. (10). Figure 3 illustrates this agree-
ment by comparing the model predictions to experiments
on Carbopol microgels. In both cases, two power-law
regimes can be identified in ΣM − 1 vs. Γ̇, and the ex-
ponents are consistent with the values β = 1/3 in the
“diffusive” regime and with α = 4/17 in the “asymptotic”
regime at large Γ̇ predicted for a shear-thinning index
n = 1/2. Finally, we emphasize that eq. (10) depends
on ξ with a singular limit for ξ → 0, and that the above
results depend on the choice κ[f ] ∼ f . The good agree-
ment between eq. (10) and experimental data, therefore,

provides strong support for the present formulation of the
fluidity model, which constitutes a remarkable, non-trivial
result.

Including elasto-hydrodynamic (EHD) interac-
tions into the model. – Based on experiments and
numerical simulations, Cloitre, Bonnecaze, and collabo-
rators [43–45] have shown that the flow of SGMs consti-
tuted of dense assemblies of deformable particles, such as
microgels, emulsions, or glasses of elastomeric particles,
is controlled by elastohydrodynamic (EHD) interactions,
which result from the lubrication flows of solvent within
the thin films between the particles. In particular, a re-
cent study [36] has shown that EHD interactions impact
the scaling of the stress overshoot in a non-trivial way. We
herewith discuss an easy way to include such EHD effects
in our continuum model through a simple modification of
the Maxwell equation (6) for the stress evolution. We pro-
pose to add a contribution ΓEHD from EHD interactions to
the total strain, Γ = Γel+Γpl+ΓEHD, which is related to the
shear stress through Γ̇EHD = Γ̇0Σ2, where Γ̇0 is a reference
shear rate below which EHD effects become significant.
This specific choice of scaling for the EHD interactions is
justified by [44,46]. The resulting modified Maxwell model
reads:

dΣ
dt̃

=
1
τ

[
1 − 〈f〉Σ

Γ̇
− Γ̇0

Σ2

Γ̇

]
. (12)

First, EHD interactions modify the steady-state rheol-
ogy. Indeed, with f = m2 Θ(Σ − 1) and dΣ/dt̃ = 0, we
get:

Γ̇ = (Σ − 1)1/nΘ(Σ − 1) + Γ̇0Σ2. (13)

The inset in fig. 4 compares the steady-state flow curve
predicted from eq. (13) with n = 1/2 and Γ̇0 = 0.04 to
experimental data on microgels obtained under two differ-
ent boundary conditions [46]. While the experimental flow
curve for rough shearing surfaces (brown squares) nicely
follows the HB law, the flow curve measured for smooth
surfaces (yellow circles) presents a kink for Γ̇ � 0.05 that
is usually interpreted as the hallmark of predominant slip-
page at the walls [10]. Interestingly, including EHD inter-
actions in our model using Γ̇0 = 0.04 allows us to nicely
predict the steady-state flow curve for the smooth surface:
in spite of some deviations at extremely low shear rates,
EHD contributions produce deviations from the HB be-
haviour when Γ̇ � Γ̇0, while leaving the HB flow curve
essentially unaltered for Σ � 1, very much like experi-
mental observations. This suggests that Γ̇0 most probably
embeds some non-trivial dependence on boundary rough-
ness, which remains to be modeled theoretically.

Second, EHD interactions also modify the scaling of
the stress overshoot, which can be derived using eqs. (7)
and (12). In particular, EHD interactions change eq. (9)
to

Γ̇ =
[
ΣM(t̃M) − 1

]2
�b(t̃M) + Γ̇0Σ2

M. (14)

Therefore, for Γ̇ < Γ̇0 where EHD effects dominate, the
stress maximum no longer depends on the HB exponent,
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Fig. 4: Effects of elasto-hydrodynamic (EHD) interactions.
Scaling of the stress overshoot maximum ΣM ( ) and its dis-
tance to the yield stress ΣM − 1 ( ) as a function of the
shear rate Γ̇ computed from the fluidity model with n = 1/2,
Γ̇0 = 0.01, and ξ = 0.001. The red solid and dashed lines
show the scaling laws predicted by the model, respectively,
with EHD interactions (exponent 1/2) and without EHD in-
teractions (exponent 4/17). Insert: steady-state flow curve for
microgels on smooth ( ) and rough ( ) surfaces extracted from
fig. 1 of ref. [46]. The red dashed line is the HB flow curve with
n = 1/2, i.e., Σ = 1 + Γ̇1/2, while the red solid line is the flow
curve computed from eq. (13) with Γ̇0 = 0.04.

but rather simply on the EHD scaling as ΣM ∼ (Γ̇/Γ̇0)1/2.
For Γ̇ � Γ̇0, however, the scaling of eqs. (10) and (11) is
recovered. This is confirmed in fig. 4 by the numerical in-
tegration of the full dynamical equations. Note that when
EHD interactions dominate, the exponent 1/2 is observed
for the stress maximum ΣM rather than for ΣM −1, which
indicates that the yield stress is no longer a“reference”
stress for the stress overshoot.

Transient shear banding and fluidization time. –
The fluidity model can be further used to compute the
duration of the transient shear-banding regime, i.e., the
fluidization time Tf as a function of Γ̇, which constitutes an
important prediction for experiments and applications of
SGMs. Indeed, during the fluidization process, the system
satisfies the balance Γ̇ = 〈f〉Σ = m2�bΣ. This allows us to
compute m as a function of �b and Γ̇. Using eq. (8), one
then predicts that, for small enough Γ̇,

Tf ∼ 1
ξΓ̇9/4

, (15)

in excellent agreement with experimental data [33,37].
Note that the scaling exponent for Tf vs. Γ̇ is indepen-
dent of the HB exponent n.

In the case of stress-induced fluidization, i.e., when forc-
ing at constant external stress Σ, eq. (8) can still be used
upon identifying t̃ = m2t, which results from the fact that
m2 ∼ Γ̇ for small Γ̇. Thus, eq. (8) generally predicts
Tf ∼ (ξm9/2)−1, which leads to Tf ∼ 1/[ξ(Σ − 1)9/4n] for
small imposed values of Σ − 1. Therefore, the present flu-
idity model predicts that the ratio of the scaling exponents
under imposed Γ̇ to that under imposed Σ is given by the

HB exponent n, as observed in experiments on Carbopol
microgels [17,33].

Finally, as examined in detail in ref. [35], one may
introduce long-range correlations in the fluidity through
noise-like dynamics and investigate how the above predic-
tions depend on boundary conditions. In brief, the tran-
sient shear-banding scenario and the scaling of Tf given by
eq. (15) are very robust to fluidity correlations when the
fluidity at the moving wall is fixed through fw = f(0, t̃) =
m2. However, when rather fixing the fluidity gradient at
the moving wall through ∂yf(0, 0) = 0, long-range spatial
correlations conspire with the boundary condition to pro-
mote the emergence of a completely different fluidization
scenario, where the growth of the shear band is prevented,
leading to a stress increase that is initially smoother, but
later characterized by an abrupt drop, resembling brittle-
like failure [14] and similar to the one discussed in recent
theoretical and numerical works [18,47,48].

Summary and open questions. – We started this
perspective paper by asking how two classical observables
that characterize shear start-up in SGMs, namely the
stress overshoot ΣM = σM/σy and the fluidization time,
depend upon the applied shear rate Γ̇. We have shown
that a dynamical fluidity model allows one to predict the
way rheological variables should be analyzed, i.e., ΣM − 1
vs. Γ̇ and Tf vs. Γ̇ or m. The corresponding scaling ex-
ponents and their dependence on the HB exponent are in
excellent agreement with experiments on Carbopol micro-
gels. The model is versatile enough to include EHD in-
teractions that, when dominant, change the scaling of the
stress overshoot to ΣM ∼ Γ̇0 whatever the underlying HB
behaviour. Overall, the model predictions hinge on some
basic ingredients: i) the “mobility” function κ[f ] in eq. (5)
that allows the coexistence of a fluidized band and a solid-
like region; ii) the Maxwell equation (6) for the stress evo-
lution; and iii) the boundary conditions, which are crucial,
for they discriminate between ductile-like and brittle-like
types of fluidization. Focusing on items ii) and iii) above,
we highlight two important open problems.

First, future work should analyze situations where the
forcing has some increased complexity. In particular,
it would be very interesting to explore the present flu-
idity model with time-dependent protocols, such as the
shear-rate ramps that are widely used by rheologists.
Whether or not this model may predict rheological hys-
teresis in SGMs and its dependence with the shear-rate
sweep rate [49–51], in the two cases of transient and per-
manent shear banding, is an outstanding task.

Second, accounting precisely for boundary conditions is
key for further theoretical advances. As already noted in
ref. [35], since a simple change of boundary conditions may
suppress the nucleation of the fluid-like phase at the mov-
ing wall, boundary conditions appear to control the shear-
induced solid-to-liquid transition in SGMs. However, we
still miss physical insight into the microscopic dynami-
cal processes at play at the walls. Here, the proposed
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phenomenological treatment of EHD interactions, the ob-
servation that EHD parameters must depend on bound-
ary conditions, as well as possible model generalizations
in higher dimensions call for more modelling effort. This
can open the way to obtain a realistic fit of experimen-
tal results once the various parameters for the continuum
modelling are extracted from experiments.
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